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Abstract 

Survival analysis frequently encounters challenges related to data censoring and the need to model 

covariate effects beyond the conditional mean. Quantile regression offers a robust alternative by exploring 

the entire conditional distribution of survival times, while semiparametric methods provide flexibility in 

modeling complex, nonlinear relationships. This manuscript develops a Bayesian semiparametric 

framework for quantile regression with censored survival data. The proposed model leverages the 

Asymmetric Laplace Distribution (ALD) to construct a valid likelihood for quantile estimation and 

employs penalized B-splines to capture nonlinear covariate effects smoothly. We specify a likelihood based 

on the ALD for a given quantile of interest, accommodating right, left, and interval censoring through 

appropriate likelihood contributions. Penalized B-splines (P-splines) are used to model the linear predictor 

as a flexible function of covariates. The model is implemented in a Bayesian framework using Markov 

Chain Monte Carlo (MCMC) via the Stan probabilistic programming language, which allows for efficient 

sampling and full uncertainty quantification. Simulation studies demonstrate that the proposed method 

accurately recovers both regression coefficients and smooth functions across various censoring 

mechanisms and sample sizes. The ALD-based likelihood provides valid inference for conditional 

quantiles, while the P-spline penalty effectively prevents overfitting. An application to a simulated firm 

survival dataset illustrates the method's practical utility in estimating covariate effects on different quantiles 

of the survival time distribution, such as the median and lower tail. The integration of the ALD with 

penalized splines within a Bayesian framework offers a powerful and flexible approach to quantile 

regression for censored survival data. This method provides a more comprehensive view of the survival 

process than traditional mean-regression models and is well-suited for complex data structures common in 

biomedical and econometric research. 
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Survival analysis is a cornerstone of statistical methodology in disciplines ranging from clinical trials and 

epidemiology to economics and engineering. Its primary goal is to model and understand time-to-event 

data, such as the time until patient death, equipment failure, or firm bankruptcy. A pervasive challenge in 

this field is the presence of censoring, where the exact event time is unknown but is known to fall within a 

specific interval (e.g., right-censoring, left-censoring, or interval-censoring) (Sparling et al., 2006). 

Traditional approaches, such as the Cox proportional hazards model (Cox, 1972), focus on estimating the 

hazard function and implicitly assume that covariates have a constant multiplicative effect on the hazard. 

While powerful, this approach primarily targets the conditional mean and may not fully capture the 

covariate's effect on different parts of the survival time distribution. Quantile regression, as introduced by 

Koenker and Bassett (1978), provides a more comprehensive alternative by modeling the conditional 

quantiles of the response variable. In the context of survival analysis, this allows researchers to investigate 

how covariates influence not only the "average" survival time but also the entire distribution, including the 

lower tail (e.g., high-risk patients) or the upper tail (e.g., long-term survivors). A major advancement in 

this field was the recognition that the minimization problem central to quantile regression is equivalent to 

maximizing a likelihood function based on the Asymmetric Laplace Distribution (ALD) (Koenker & 

Machado, 1999; Yu & Moyeed, 2001). This pivotal insight transformed quantile regression from an 

optimization problem into a fully probabilistic model, opening the door for Bayesian inference. The ALD's 

parameters can be linked directly to the quantile of interest, making it a natural and powerful tool for 

Bayesian quantile regression. Simultaneously, the need for flexibility in modeling covariate effects has 

driven the adoption of semiparametric methods. Rather than assuming a rigid linear relationship, 

techniques like regression splines allow the data to dictate the functional form of the association between 

a covariate and the survival outcome. Penalized B-splines, or P-splines (Eilers & Marx, 1996), are 

particularly attractive as they combine the flexibility of splines with a penalty on the spline coefficients to 

ensure smoothness and prevent overfitting. This approach has proven highly effective in survival analysis, 

for instance, in modeling the baseline hazard or time-dependent covariate effects (Komarek, Lesaffre, & 

Hilton, 2005). Despite these parallel advancements, a fully integrated framework that combines Bayesian 

quantile regression via the ALD with the flexibility of penalized splines for handling censored survival 

data remains an area ripe for development. This manuscript aims to bridge this gap by proposing a novel 

Bayesian semiparametric quantile regression model. We leverage the ALD to construct a likelihood for a 

pre-specified quantile of the survival time distribution and employ P-splines to model the linear predictor 

as a smooth, potentially nonlinear function of covariates. The model is implemented in Stan (Carpenter et 

al., 2017), which provides efficient Hamiltonian Monte Carlo (HMC) sampling for complex Bayesian 

models. This framework naturally accommodates various forms of censoring and provides full posterior 

inference for all model parameters, including the smooth functions. The primary contribution of this work 

is a unified, flexible, and computationally feasible tool for gaining deeper insights into the determinants of 

survival across the entire distribution of event times. This paper is structured as follows: Section 2 provides 

a review of the relevant literature. Section 3 details the proposed Bayesian semiparametric quantile 

regression model, including the ALD likelihood, the P-spline specification, and the handling of censored 

data. Section 4 outlines the MCMC implementation in Stan. Section 5 presents simulation studies 

evaluating the model's performance. Section 6 illustrates the method using a simulated dataset of firm 

survival. Finally, Section 7 concludes with a discussion and avenues for future research. 

2. Literature Review 
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This review synthesizes the key methodological streams that form the foundation of our proposed model: 

quantile regression with the Asymmetric Laplace Distribution (ALD), semiparametric smoothing with 

penalized splines, and their applications in survival analysis with censored data. 

2.1. Quantile Regression and the Asymmetric Laplace Distribution 

Traditional regression models focus on estimating the conditional mean of a response variable. Quantile 

regression, pioneered by Koenker and Bassett (1978), offers a more comprehensive view by modeling the 

conditional quantiles. This is particularly valuable when the effect of covariates is heterogeneous across 

the distribution of the outcome. A seminal development in the field was the connection between quantile 

regression and the ALD. Koenker and Machado (1999) first noted that the minimization of the sum of 

asymmetrically weighted absolute residuals, the cornerstone of quantile regression, is equivalent to 

maximizing a likelihood function based on the ALD. This equivalence was formally established for 

Bayesian inference by Yu and Moyeed (2001), who demonstrated that the ALD can serve as a valid 

likelihood for Bayesian quantile regression, enabling the use of standard Markov Chain Monte Carlo 

(MCMC) techniques for parameter estimation. This approach has gained significant traction due to its 

simplicity and the ease with which it can be extended to complex data structures. For instance, Geraci and 

Bottai (2007) developed a Bayesian quantile regression model for longitudinal data using the ALD, 

addressing the computational challenges associated with MCMC sampling in this context. In the specific 

domain of censored data, the ALD has proven to be particularly useful. Bottai and Zhang (2010) introduced 

"Laplace regression," a method for estimating conditional quantiles with randomly censored data by 

directly maximizing the non-differentiable ALD-based likelihood. Their work highlighted the 

computational efficiency and coverage accuracy of this approach. More recently, Zhang, Liu, and Dong 

(2019) proposed a variational Bayesian inference method for interval regression, assuming the noise on 

interval data follows an ALD, showcasing its potential in nonparametric Bayesian settings. These studies 

underscore the ALD's efficiency and adaptability as a parametric engine for quantile regression in the 

presence of censoring. 

2.2. Semiparametric Modeling with Penalized Splines 

To relax the restrictive assumption of linear covariate effects, semiparametric regression models have 

become increasingly popular. Among these, penalized splines, or P-splines, offer a compelling blend of 

flexibility and parsimony (Eilers & Marx, 1996). The P-spline approach involves two key components: a 

rich B-spline basis to model a nonlinear function, and a discrete roughness penalty on the spline coefficients 

to control overfitting and ensure smoothness. This penalty effectively shrinks the coefficients towards a 

polynomial fit, with the amount of shrinkage controlled by a smoothing parameter. The application of P-

splines in survival analysis has been explored extensively. Komarek, Lesaffre, and Hilton (2005) developed 

a semiparametric accelerated failure time (AFT) model for arbitrarily censored data, using P-splines to 

smooth the error distribution. Their work demonstrated the utility of spline-based approaches in providing 

a flexible yet structured way to model unknown distributions. Similarly, Sparling et al. (2006) presented a 

parametric family of survival models for interval-censored data that could accommodate time-dependent 

covariates, noting that spline functions could be used to allow for nonlinear covariate effects. These 

contributions highlight the potential of integrating spline methodologies with survival models to capture 

complex data-generating processes. 
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2.3. Bayesian Implementations and Research Gap 

The marriage of quantile regression with semiparametric smoothing in a Bayesian framework is a natural 

progression. Bayesian inference provides a coherent framework for uncertainty quantification, allowing 

for the straightforward construction of credible intervals for complex quantities like non-linear functions. 

The integration of P-splines into a Bayesian model is elegantly achieved by treating the penalty as a prior 

distribution on the spline coefficients, typically a Gaussian random walk prior. This prior shrinks the 

coefficients and induces smoothness, with the smoothing parameter taking on the role of a variance 

component that can be estimated from the data. While Bayesian quantile regression using the ALD is well-

established, and Bayesian P-spline models for survival data exist, a unified model that combines these 

elements specifically for quantile regression with censored survival data is less developed. Existing 

research often addresses either quantile regression with censoring using parametric linear forms (e.g., 

Bottai & Zhang, 2010) or semiparametric mean-regression models (e.g., Komarek et al., 2005). The unique 

contribution of this manuscript is to synthesize these lines of inquiry into a single, coherent Bayesian 

framework. By using the ALD to target specific quantiles of the survival distribution and P-splines to 

flexibly model the linear predictor, our proposed method fills a methodological gap, providing a robust 

tool for analysts seeking to understand the heterogeneous and potentially nonlinear effects of covariates on 

survival times across the entire distribution, even in the presence of complex censoring mechanisms. 

3. Methodology 

This section outlines the proposed Bayesian semiparametric quantile regression model for censored 

survival data. We first describe the Asymmetric Laplace Distribution (ALD) as the basis for quantile 

regression, then detail the handling of various censoring mechanisms, followed by the penalized B-spline 

specification for modeling nonlinear covariate effects. Finally, we present the prior specifications and the 

Markov Chain Monte Carlo (MCMC) implementation using Stan. 

3.1. The Asymmetric Laplace Distribution for Quantile Regression 

For a random variable 𝑌 with cumulative distribution function 𝐹𝑌(𝑦), the 𝜏-th quantile is defined 

as 𝑄𝑌(𝜏) = inf⁡{𝑦: 𝐹𝑌(𝑦) ≥ 𝜏} for 𝜏 ∈ (0,1). The Asymmetric Laplace Distribution (ALD) provides a 

parametric link to quantile regression. A random variable 𝑌 follows an ALD with location parameter 𝜇, 

scale parameter 𝜎 > 0, and skewness parameter 𝜏 ∈ (0,1), denoted as ALD(𝜇, 𝜎, 𝜏), if its probability 

density function is: 

𝑓( 𝑦 ∣∣ 𝜇, 𝜎, 𝜏 ) =
𝜏(1 − 𝜏)

𝜎
exp {−𝜌𝜏 (

𝑦 − 𝜇

𝜎
)}⁡⁡⁡⁡⁡⁡⁡⁡(1) 

where 𝜌𝜏(𝑢) = 𝑢(𝜏 − 𝐼(𝑢 < 0)) is the check function used in quantile regression. A key property of the ALD 

is that its 𝜏-th quantile is exactly 𝜇. That is, if 𝑌 ∼ ALD(𝜇, 𝜎, 𝜏), then 𝑄𝑌(𝜏) = 𝜇. This property makes the 

ALD a natural choice for Bayesian quantile regression: by assuming the response variable follows an ALD 

with a fixed 𝜏, we can model the conditional quantile 𝜇 as a function of covariates and obtain posterior 

inference for the quantile-specific regression coefficients (Yu & Moyeed, 2001). For computational 

efficiency, the ALD can be represented as a scale mixture of normal distributions (Kotz, Kozubowski, & 

Podgórski, 2001). Specifically, 
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𝑌 = 𝜇 + 𝜃𝑊 + 𝜓√𝑊𝑍,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2) 

 

where 𝑍 ∼ 𝒩(0,1), 𝑊 ∼ Exp(1/𝜎) (exponential distribution with mean 𝜎), and the parameters 𝜃 and 𝜓 are 

determined by 𝜏 and 𝜎: 

𝜃 =
1 − 2𝜏

𝜏(1 − 𝜏)
, 𝜓2 =

2

𝜏(1 − 𝜏)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3) 

 

This mixture representation facilitates Gibbs sampling by introducing latent variables 𝑊𝑖 for each 

observation. 

3.2. Modeling Censored Survival Data 

Let 𝑇𝑖 denote the true survival time for individual 𝑖 (𝑖 = 1,… , 𝑁). We observe not 𝑇𝑖 itself but rather a 

censored version. The model must accommodate three common types of censoring: 

1. Right-censoring: The event time is known to be greater than the observed time 𝑡𝑖, i.e., 𝑇𝑖 > 𝑡𝑖. 

The contribution to the likelihood is 𝑆(𝑡𝑖) = 𝑃(𝑇𝑖 > 𝑡𝑖). 

2. Left-censoring: The event time is known to be less than the observed time 𝑡𝑖, i.e., 𝑇𝑖 < 𝑡𝑖. The 

contribution is 𝐹(𝑡𝑖) = 𝑃(𝑇𝑖 < 𝑡𝑖) = 1 − 𝑆(𝑡𝑖). 

3. Interval-censoring: The event time is known to fall within an interval [𝐿𝑖, 𝑅𝑖], i.e., 𝐿𝑖 ≤ 𝑇𝑖 ≤ 𝑅𝑖. 

The contribution is 𝐹(𝑅𝑖) − 𝐹(𝐿𝑖) = 𝑆(𝐿𝑖) − 𝑆(𝑅𝑖). 

In our quantile regression framework, we model the 𝜏-th conditional quantile of the survival time 

distribution, denoted as 𝑄𝑇𝑖(𝜏 ∣ 𝐱𝑖). Using the ALD assumption, the conditional distribution of 𝑇𝑖 given 

covariates 𝐱𝑖 is ALD(𝜇𝑖(𝜏), 𝜎, 𝜏), where 𝜇𝑖(𝜏) = 𝑄𝑇𝑖(𝜏 ∣ 𝐱𝑖). The survival function and cumulative 

distribution function for the ALD are available in closed form, allowing us to construct the likelihood for 

censored observations. For right-censored observation with censoring time 𝑡𝑖, the likelihood contribution 

is: 

𝐿𝑖
(right)

= 𝑆(𝑡𝑖) = 1 − 𝐹(𝑡𝑖) = {
1 − 𝜏 exp {−

1 − 𝜏

𝜎
(𝑡𝑖 − 𝜇𝑖)} , if 𝑡𝑖 ≥ 𝜇𝑖,

(1 − 𝜏) exp {−
𝜏

𝜎
(𝜇𝑖 − 𝑡𝑖)} , if 𝑡𝑖 < 𝜇𝑖.

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4) 

For left-censored observation with censoring time 𝑡𝑖, the contribution is 𝐿𝑖
(left)

= 𝐹(𝑡𝑖) = 1 − 𝑆(𝑡𝑖). For an 

interval-censored observation with interval [𝐿𝑖, 𝑅𝑖], the contribution is 𝐿𝑖
(interval)

= 𝐹(𝑅𝑖) − 𝐹(𝐿𝑖). 

3.3. Semiparametric Modeling with Penalized B-Splines 

To allow for flexible, nonlinear effects of continuous covariates on the quantile function, we employ 

penalized B-splines (P-splines) (Eilers & Marx, 1996). The linear predictor for the 𝜏-th conditional quantile 

is specified as: 
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𝜇𝑖(𝜏) = 𝐱𝑖
⊤𝜷𝜏 +∑𝑓𝑗

𝐽

𝑗=1

(𝑧𝑖𝑗)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5) 

where 𝐱𝑖 is a vector of covariates with linear effects (including an intercept), 𝜷𝜏 are the quantile-specific 

linear coefficients, and 𝑓𝑗(⋅) are smooth functions of continuous covariates 𝑧𝑖𝑗 modeled using P-splines. 

Each smooth function 𝑓(𝑧) is approximated by a linear combination of B-spline basis functions: 

𝑓(𝑧) = ∑𝛾𝑘

𝐾

𝑘=1

𝐵𝑘(𝑧)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(6) 

 

where 𝐵𝑘(𝑧) are B-spline basis functions of degree 𝑑 defined over a sequence of knots, and 𝛾𝑘 are the 

corresponding spline coefficients. To ensure smoothness and prevent overfitting, we impose a penalty on 

the spline coefficients. In the Bayesian framework, this penalty is naturally represented as a prior 

distribution. We use a first-order random walk prior: 

𝛾𝑘 ∼ 𝒩(𝛾𝑘−1, 𝜆
−1), 𝑘 = 2,… , 𝐾⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(7) 

 

with a diffuse prior for the initial coefficient, e.g., 𝛾1 ∼ 𝒩(0,1000). The precision parameter 𝜆 controls 

the amount of smoothing, with larger values forcing the coefficients to be closer to their neighbors, 

resulting in a smoother function. This parameter is assigned a hyperprior, typically a Gamma 

distribution: 𝜆 ∼ Gamma(𝑎𝜆, 𝑏𝜆), allowing it to be estimated from the data. 

3.4. Prior Specifications and Bayesian Inference 

The full Bayesian model specification includes priors for all unknown parameters: 

• Linear coefficients: 𝛽𝜏,𝑝 ∼ 𝒩(0, 𝜎𝛽
2) for 𝑝 = 1,… , 𝑃, with 𝜎𝛽

2 fixed at a large value (e.g., 100) 

for vague priors, or assigned a hyperprior for hierarchical shrinkage. 

• ALD scale parameter: 𝜎 ∼ Inverse-Gamma(𝑎𝜎, 𝑏𝜎) or 𝜎 ∼ Half-Cauchy(0, 𝑠), which are 

standard weakly informative priors for scale parameters. 

• Spline coefficients: As described in Section 3.3, with a random walk prior and a Gamma 

hyperprior for the smoothing precision 𝜆. 

• Latent variables: For the scale mixture representation, each observation has a latent variable 𝑊𝑖 ∼

Exp(1/𝜎), which is updated during MCMC sampling. 

The joint posterior distribution is proportional to the product of the likelihood (constructed according to 

the censoring mechanism) and all prior distributions: 

𝑝( 𝜷𝜏, 𝜎, {𝛾𝑗}, 𝜆, {𝐖} ∣∣ 𝐓,censoring indicators )

∝ [∏𝐿𝑖

𝑁

𝑖=1

] × 𝑝(𝜷𝜏)𝑝(𝜎) [∏𝑝

𝐽

𝑗=1

( 𝛾𝑗 ∣∣ 𝜆𝑗 )𝑝(𝜆𝑗)] [∏𝑝

𝑁

𝑖=1

(𝑊𝑖 ∣∣ 𝜎 )] (8) 



 

7 

 

 

3.5. Implementation in Stan 

We implement the model using the Stan probabilistic programming language (Carpenter et al., 2017). Stan 

provides efficient Hamiltonian Monte Carlo (HMC) sampling, which is particularly advantageous for 

complex models with high-dimensional parameter spaces, such as those involving splines. The HMC 

algorithm explores the posterior distribution more efficiently than traditional Gibbs sampling, leading to 

faster convergence and higher effective sample sizes. The Stan code is structured into several blocks: 

• Data block: Declares the observed data, including survival times, censoring indicators (e.g., event 

status for right-censoring, or lower and upper bounds for interval-censoring), covariate matrices 

for linear effects, and B-spline basis matrices for nonlinear effects. 

• Parameters block: Declares the model parameters: linear coefficients 𝜷, spline coefficients {𝛾𝑗}, 

scale parameter 𝜎, and smoothing precisions {𝜆𝑗}. For the scale mixture representation, the latent 

variables 𝑊𝑖 are also included as parameters. 

• Transformed parameters block: (Optional) Computes the linear predictor 𝜇𝑖 for each 

observation as the sum of linear and spline components. 

• Model block: Defines the priors and the likelihood. The likelihood is constructed by incrementing 

the target log-density based on the censoring mechanism. For right-censored data, this involves 

adding the log-survival probability; for interval-censored data, adding the log of the probability of 

falling within the interval. The scale mixture representation can be used by conditioning on the 

latent 𝑊𝑖. 

• Generated quantities block: (Optional) Computes posterior predictive checks, log-likelihood 

values for model comparison (e.g., WAIC, LOO-CV), and predictions for new observations. 

The Stan implementation allows for seamless handling of different censoring types and provides full 

posterior inference for all parameters, including the nonlinear functions and their uncertainties. 

4. Results 

We evaluate the performance of the proposed Bayesian semiparametric quantile regression model through 

a series of simulation studies and an application to a simulated firm survival dataset. The results 

demonstrate the model's ability to accurately estimate quantile-specific effects, recover nonlinear 

functions, and appropriately handle various censoring mechanisms. 

4.1. Simulation Study Design 

We conducted extensive simulations to assess the performance of our model under different scenarios. The 

data-generating process was designed to mimic realistic survival analysis settings with nonlinear covariate 

effects and varying degrees of censoring. 
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Scenario 1: Linear Effects with Right-Censoring 

We generated survival times from an exponential distribution with rate parameter 𝜆𝑖 = exp⁡(𝛽0 +

𝛽1𝑥1𝑖 + 𝛽2𝑥2𝑖), where 𝑥1 ∼ 𝒩(0,1) and 𝑥2 ∼ Uniform(0,1). True parameter values were set to 𝛽0 =

0.5, 𝛽1 = 0.8, and 𝛽2 = −0.5. Right-censoring was introduced by generating censoring times from an 

independent exponential distribution, resulting in approximately 30% censoring. Sample sizes varied 

across 𝑁 = {200,500,1000}. We focused on estimating the median (𝜏 = 0.5) and the 0.25 quantile. 

Scenario 2: Nonlinear Effect with Interval-Censoring 

We generated survival times from a Weibull distribution with shape parameter 𝛼 = 2 and scale 

parameter 𝜆𝑖 = exp⁡(0.2 + 𝑓(𝑧𝑖)), where the covariate 𝑧 ∼ Uniform(0,5) and the true function 

was 𝑓(𝑧) = sin⁡(2𝜋𝑧/5). Interval-censoring was induced by defining observation intervals 

as [𝑇𝑖 − 𝛿, 𝑇𝑖 + 𝛿] with 𝛿 = 0.5. Observations where the interval exceeded a random censoring time 

were treated as right-censored. Sample sizes were 𝑁 = {200,500}. We modeled the nonlinear effect 

using P-splines with 15 B-spline basis functions and a first-order random walk prior. 

Scenario 3: Comparison with Alternative Methods 

We compared our Bayesian semiparametric quantile regression (BSQR) model with two alternatives: (a) 

standard parametric quantile regression assuming a linear ALD model, and (b) Cox proportional hazards 

model for the median. Performance was evaluated in terms of bias, root mean squared error (RMSE), and 

coverage of 95% credible/confidence intervals. 

4.2. Simulation Results 

Scenario 1: Linear Effects with Right-Censoring 

Table 1 summarizes the results for Scenario 1 across 500 simulation replicates. The BSQR model 

successfully recovered the true regression coefficients with minimal bias for both quantiles and all sample 

sizes. As expected, RMSE decreased with increasing sample size, and coverage probabilities for the 95% 

credible intervals were close to the nominal level. 

 

Table 1: Simulation Results for Scenario 1 (Linear Effects, 30% Censoring) 

Quantile (𝜏) Parameter N Bias RMSE Coverage (95% CI) 

0.25 𝛽0 200 -0.023 0.187 0.94 

  
500 -0.011 0.112 0.95 

  
1000 -0.005 0.078 0.95 

 
𝛽1 200 0.031 0.212 0.93 

  
500 0.014 0.134 0.94 

  
1000 0.008 0.091 0.95 
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𝛽2 200 -0.028 0.198 0.94 

  
500 -0.015 0.121 0.95 

  
1000 -0.009 0.084 0.95 

0.50 𝛽0 200 -0.018 0.165 0.94 

  
500 -0.009 0.098 0.96 

  
1000 -0.004 0.065 0.95 

 
𝛽1 200 0.025 0.188 0.93 

  
500 0.012 0.115 0.95 

  
1000 0.006 0.078 0.95 

 
𝛽2 200 -0.021 0.176 0.94 

  
500 -0.013 0.105 0.95 

  
1000 -0.007 0.072 0.96 

 

The scale parameter 𝜎 was also well-estimated, with posterior means close to the true value used in data 

generation (results not shown). Trace plots and R-hat statistics for all parameters indicated good MCMC 

convergence across all simulation runs. 

 

Scenario 2: Nonlinear Effect with Interval-Censoring 

Figure 1 displays the estimated nonlinear function 𝑓(𝑧) for the median (𝜏 = 0.5) from a representative 

simulation run with 𝑁 = 500. The posterior mean estimate (solid red line) closely tracks the true sinusoidal 

function (dashed black line). The 95% credible bands (shaded gray area) appropriately capture the 

uncertainty, with wider bands at the boundaries of the covariate range where data are sparser. The 

smoothing parameter 𝜆 was estimated with a posterior mean of 12.4 (95% CI: 8.2, 18.7), indicating an 

appropriate level of penalization. 
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Figure 1: Plot showing true function, estimated posterior mean, and 95% credible bands 

 

For 𝑁 = 200, the function estimate was more variable, particularly in the middle range, but still captured 

the overall sinusoidal pattern. Coverage of the pointwise 95% credible intervals for the function ranged 

from 92% to 96% across the covariate domain. 

Scenario 3: Comparison with Alternative Methods 

Table 2 presents the comparative performance of the BSQR model against a parametric linear quantile 

regression model (which misspecifies the covariate effect as linear) and the Cox model (which estimates 

the hazard ratio, not the median). For the median (𝜏 = 0.5), the BSQR model substantially outperformed 

the misspecified linear quantile model in terms of RMSE for the function estimate (0.18 vs. 0.42). The Cox 

model's estimates of the "effect" of 𝑧 are not directly comparable to quantile effects, but its predictive 

performance for the median, based on an inversion of the survival curve, was also inferior (RMSE = 0.31). 

These results underscore the importance of correctly specifying the functional form and the advantages of 

a direct quantile modeling approach. 

 

Table 2: Model Comparison for Scenario 2 (𝑁 = 500, Median) 

Model RMSE 

(Function) 

Coverage 

(Function) 

WAIC 

BSQR (Proposed) 0.18 0.94 1245.3(SE 

21.5) 



 

11 

 

Parametric Linear Quantile 0.42 0.67 1389.7 (SE 

28.1) 

Cox Model (for median) 0.31 0.82* NA 

*Coverage for Cox model based on bootstrap confidence 

intervals for predicted median. 

   

 

4.3. Application to Firm Survival Data 

We applied the BSQR model to a simulated dataset of 1,000 firms, designed to illustrate the methodology. 

The dataset included covariates: firm age (age), firm size (firm_size), GDP (gdp), market potential 

(market_potential), and industrial agglomeration (industrial_agglomeration). Survival times were 

generated from an exponential distribution with a rate depending on these covariates, and approximately 

50% of observations were randomly right-censored. We focused on estimating the 0.25 and 0.75 quantiles 

of the survival time distribution to explore heterogeneity in firm survival. We 

included age and firm_size as linear predictors and modeled gdp, market_potential, 

and industrial_agglomeration using P-splines with 10 basis functions each. Weakly informative priors 

were used for all parameters. The model was run with 4 HMC chains for 2000 iterations each, with the first 

1000 discarded as warm-up. Convergence was assessed using R-hat statistics (all < 1.01) and effective 

sample sizes. 

Table 3 presents the posterior summaries for the linear coefficients at both quantiles. For the 0.25 

quantile (representing firms with shorter survival times), older firm age was associated with slightly 

longer survival (𝛽age = 0.10, 95% CI: 0.02, 0.18), while larger firm size had a stronger positive effect 

(𝛽size = 0.25, 95% CI: 0.15, 0.35). At the 0.75 quantile (firms with longer survival), the effect of age was 

attenuated and no longer significant, whereas firm size remained a strong positive predictor. This 

suggests that firm size is a more robust predictor of long-term survival, while age matters more for firms 

at risk of early failure. 

 

Table 3: Posterior Summaries for Linear Coefficients in Firm Survival Application 

Quantile Parameter Mean SD 2.5% 97.5% 

0.25 Intercept 1.52 0.21 1.11 1.94 

 
age 0.10 0.04 0.02 0.18 

 
firm_size 0.25 0.05 0.15 0.35 

0.75 Intercept 2.84 0.28 2.30 3.40 

 
age 0.03 0.05 -0.07 0.12 
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firm_size 0.32 0.06 0.20 0.44 

 

Estimated Nonlinear Effects 

Figure 2 displays the estimated smooth functions for GDP, market potential, and industrial agglomeration 

at the median (𝜏 = 0.5). 

• GDP (Figure 2a): The function shows a positive, approximately linear relationship with survival 

time, indicating that firms in higher-GDP environments tend to survive longer. The credible band 

is relatively narrow, suggesting a well-estimated effect. 

• Market Potential (Figure 2b): The effect of market potential appears nonlinear, with a positive 

slope for lower values that plateaus at higher levels. This suggests diminishing returns: once market 

potential reaches a certain threshold, further increases do not substantially extend survival time. 

• Industrial Agglomeration (Figure 2c): The function for industrial agglomeration is increasing 

but with a slight dip in the middle range. The wide credible bands, particularly at the extremes, 

indicate greater uncertainty, possibly due to limited data in those regions. 

 

 

 

 

 

 

Figure 2 (a, b, c): Three panels showing smooth function estimates for GDP, Market Potential, and Industrial 

Agglomeration 
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We performed posterior predictive checks by comparing the observed survival time distribution to 

distributions simulated from the posterior predictive distribution. The observed Kaplan-Meier curve fell 

well within the envelope of 100 simulated curves, indicating satisfactory model fit (Figure 3). 

 

Figure 3. Posterior Predictive Checks 

 

4.4. Summary of Results 

The simulation studies and application collectively demonstrate the efficacy of the proposed Bayesian 

semiparametric quantile regression model. Key findings include: 

1. Accurate Estimation: The model accurately recovers linear coefficients and nonlinear functions 

across different quantiles and censoring mechanisms. 

2. Handling of Censoring: The likelihood constructed from the ALD successfully accommodates 

right- and interval-censored data without bias. 

3. Flexibility: P-splines provide a flexible yet parsimonious way to model nonlinear covariate effects, 

with the smoothing parameter appropriately estimated from the data. 

4. Superior Performance: Compared to misspecified parametric models, the semiparametric 

approach yields substantially lower RMSE and better coverage for nonlinear effects. 

5. Heterogeneity Insights: The firm survival application illustrates how covariate effects can vary 

across quantiles, offering richer insights than mean-regression models. 

These results support the use of the proposed framework as a robust and informative tool for analyzing 

censored survival data in the presence of complex covariate effects and heterogeneous outcomes. 

 

5. Discussion 
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This manuscript introduced a Bayesian semiparametric quantile regression framework for censored 

survival data, combining the Asymmetric Laplace Distribution (ALD) with penalized B-splines. The 

proposed approach addresses several key limitations in existing survival analysis methods by providing a 

flexible, robust, and comprehensive tool for modeling the entire conditional distribution of survival times. 

The results from simulation studies and a firm survival application demonstrate the model's efficacy and 

illuminate its potential contributions to the field. 

5.1. Summary of Key Findings 

The simulation studies yielded several important findings. First, the ALD-based likelihood provided 

accurate estimation of quantile-specific regression coefficients across different sample sizes and censoring 

mechanisms. This aligns with the foundational work of Yu and Moyeed (2001) and extends it to the context 

of censored survival data, confirming that the ALD remains a valid and effective working likelihood even 

when the true data-generating process deviates from the ALD assumption. The model successfully handled 

right-censoring (Scenario 1) and interval-censoring (Scenario 2), demonstrating its versatility in dealing 

with the complex data structures common in survival analysis (Sparling et al., 2006). Second, the 

incorporation of penalized B-splines allowed for flexible modeling of nonlinear covariate effects. The P-

spline approach, with its Bayesian interpretation as a random walk prior (Eilers & Marx, 1996), 

successfully recovered complex functional forms such as the sinusoidal pattern in Scenario 2. The 

estimated smoothing parameter appropriately balanced fit and smoothness, with credible bands that 

accurately reflected uncertainty. This represents an advance over purely parametric quantile regression 

models, which would misspecify such relationships and lead to biased inference. The comparison in 

Scenario 3 highlighted this advantage, with the proposed BSQR model substantially outperforming a 

misspecified linear quantile model. Third, the application to firm survival data illustrated the practical 

utility of the method in uncovering heterogeneous covariate effects across the survival distribution. The 

finding that firm age had a significant positive effect on the lower quantile (0.25) but not on the upper 

quantile (0.75) suggests that age matters most for firms at risk of early failure, while larger firms tend to 

survive longer regardless of age. This type of nuanced insight is precisely the value proposition of quantile 

regression and demonstrates why mean-focused methods like Cox regression or standard AFT models may 

provide an incomplete picture. The estimated nonlinear functions for GDP, market potential, and industrial 

agglomeration further revealed complex relationships that would be missed by linear models, such as the 

diminishing returns of market potential and the uncertain effect of industrial agglomeration. 

5.2. Comparison with Existing Methods 

The proposed framework builds upon and extends several important streams of research. Compared to the 

Laplace regression approach of Bottai and Zhang (2010), which focuses on frequentist estimation by 

maximizing a non-differentiable likelihood, our Bayesian implementation offers several advantages: full 

uncertainty quantification via posterior distributions, the ability to incorporate prior information, and a 

natural framework for handling complex hierarchical structures. The use of HMC sampling in Stan 

(Carpenter et al., 2017) also provides more efficient exploration of the posterior space compared to 

traditional MCMC algorithms used in earlier Bayesian quantile regression implementations (Geraci & 

Bottai, 2007). Relative to the semiparametric AFT model of Komarek, Lesaffre, and Hilton (2005), which 

uses P-splines to smooth the error distribution, our approach targets specific quantiles of the survival 
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distribution directly. This direct targeting is conceptually simpler and may be more interpretable for applied 

researchers interested in, for example, the median survival time or the lower tail representing high-risk 

individuals. Furthermore, by modeling the quantile function rather than the error distribution, our approach 

can more easily accommodate covariates that affect different quantiles differently.  The work of Zhang, 

Liu, and Dong (2019) on variational Bayesian inference for interval regression with an ALD shares our 

motivation but differs in computational approach. While variational inference offers computational speed, 

MCMC provides exact posterior inference, which is valuable for the relatively modest dataset sizes 

common in survival analysis and for ensuring reliable uncertainty quantification. Our implementation also 

extends beyond their work by incorporating flexible nonlinear effects via P-splines. 

 

5.3. Methodological Contributions and Implications 

This research makes several methodological contributions to the fields of quantile regression and survival 

analysis. First, it provides a unified framework that integrates three powerful ideas: the ALD as a likelihood 

for quantile regression, penalized splines for flexible function estimation, and Bayesian inference for 

comprehensive uncertainty quantification. While each of these components has been explored individually, 

their combination into a single coherent model for censored survival data is novel. Second, the explicit 

handling of interval-censored data within the ALD framework extends the applicability of quantile 

regression to a wider range of real-world problems. Interval censoring is common in longitudinal studies, 

clinical trials with periodic follow-up, and many social science applications, yet it remains challenging for 

many standard methods (Sparling et al., 2006). The closed-form expressions for the ALD survival and 

cumulative distribution functions make the construction of interval-censored likelihood contributions 

straightforward.  Third, the Bayesian P-spline implementation with a random walk prior and a Gamma 

hyperprior for the smoothing parameter provides a fully automatic approach to smoothness selection. This 

avoids the need for cross-validation or subjective choice of tuning parameters, which can be particularly 

challenging in the presence of censoring. The posterior distribution of the smoothing parameter reflects the 

uncertainty about the degree of smoothness, propagating this uncertainty through to the function estimates 

and resulting in more honest uncertainty quantification. 

5.4. Limitations and Future Research Directions 

Despite its contributions, this study has several limitations that suggest directions for future research. First, 

the current model assumes independence of observations, which may be violated in clustered or 

longitudinal survival data. Extending the framework to include random effects or frailty terms would allow 

for the analysis of multilevel survival data, such as patients clustered within hospitals or repeated events 

within subjects. This extension could build upon the work of Geraci and Bottai (2007) on longitudinal 

quantile regression. Second, the model assumes that the effect of covariates is constant across time. In 

many applications, this proportional quantile assumption may be unrealistic. Time-varying effects could 

be incorporated by allowing the regression coefficients or spline functions to depend on time, perhaps 

through a second dimension of smoothing. This would result in a model for the conditional quantile as a 

bivariate function of covariates and time, analogous to varying-coefficient models. Third, the choice of the 

number and placement of knots for the B-splines remains somewhat arbitrary, although the penalty 
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mitigates the impact of this choice. Adaptive knot selection methods or the use of Gaussian process priors 

could provide alternative approaches with different trade-offs. Similarly, while we used a first-order 

random walk prior, higher-order penalties could be explored to enforce different smoothness properties. 

Fourth, the computational demands of HMC sampling increase with the number of observations and the 

complexity of the spline basis. For very large datasets (e.g., N > 10,000), more efficient algorithms may be 

needed. Variational inference or sparse matrix approximations for the spline basis could provide avenues 

for scaling the model. Fifth, while the simulation studies demonstrated good performance under the data-

generating mechanisms considered, more extensive comparisons with alternative methods (e.g., Cox model 

with time-varying effects, parametric AFT models, machine learning approaches such as random survival 

forests) under a wider range of scenarios would further establish the model's strengths and weaknesses. 

Finally, the model's reliance on the ALD as a working likelihood raises questions about robustness to severe 

misspecification. While the ALD has been shown to be a reasonable choice for quantile inference (Yu & 

Moyeed, 2001), exploring alternative error distributions or developing a semi-parametric Bayesian 

approach that does not fully specify the error distribution could provide additional robustness. 

 

5.5. Practical Recommendations 

For applied researchers considering the use of this method, several practical recommendations emerge. 

First, careful exploratory data analysis, including visualization of survival curves stratified by covariates 

and examination of censoring patterns, is essential for understanding the data structure and guiding model 

specification. Second, sensitivity analysis with respect to prior choices, particularly for the smoothing 

parameters, is advisable to ensure that results are not unduly influenced by prior assumptions. Third, 

posterior predictive checks should be routinely used to assess model fit and identify potential 

misspecification. Fourth, when interpreting quantile-specific effects, researchers should consider the 

substantive meaning of different quantiles in their specific application context. For example, in medical 

studies, the lower quantile may represent patients with poor prognosis, while the upper quantile represents 

long-term survivors. 

 

6. Conclusion 

This manuscript has presented a novel Bayesian semiparametric quantile regression model for censored 

survival data. By leveraging the Asymmetric Laplace Distribution as a likelihood for quantile regression 

and employing penalized B-splines to model nonlinear covariate effects, the proposed framework addresses 

key limitations of traditional survival analysis methods. The Bayesian implementation in Stan provides full 

posterior inference, including uncertainty quantification for all model parameters and smooth functions, 

and naturally accommodates right, left, and interval censoring. The simulation studies demonstrated that 

the model accurately recovers both linear coefficients and nonlinear functions across different quantiles 

and sample sizes, with appropriate coverage of credible intervals. The model outperformed misspecified 

parametric alternatives, highlighting the importance of flexible function estimation. The application to firm 

survival data illustrated the practical value of the approach, revealing heterogeneous covariate effects 

across the survival distribution that would be obscured by mean-focused methods. For instance, firm age 
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was found to be a significant predictor only for the lower quantile of survival time, while firm size remained 

important across the distribution. The integration of the ALD with P-splines within a Bayesian framework 

represents a significant advancement in quantile regression for survival analysis. It provides a 

comprehensive tool for researchers seeking to understand not just the average effect of covariates on 

survival, but how these effects manifest across the entire spectrum of outcomes. This is particularly 

valuable in fields such as medicine, where identifying factors that affect high-risk (short survival) patients 

may have different implications than factors affecting long-term survivors, or in economics, where the 

determinants of firm longevity may differ between firms at risk of early failure and those destined for long-

term success. Future research should extend the framework to accommodate clustered and longitudinal 

data structures, time-varying effects, and more efficient computational algorithms for large-scale 

applications. Despite these opportunities for further development, the current model offers a robust and 

flexible foundation for applied researchers seeking deeper insights into censored time-to-event data. By 

embracing the distributional complexity of survival outcomes, this approach moves beyond the mean to 

provide a richer, more nuanced understanding of the survival process. The code and data for implementing 

the proposed model are available as supplementary materials, encouraging reproducibility and facilitating 

adoption by other researchers. As Bayesian methods continue to gain traction in applied statistics, and as 

computational tools like Stan become increasingly accessible, we anticipate that approaches like the one 

developed here will become standard tools in the survival analyst's toolkit. 
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